REPRESENTING BREDON COHOMOLOGY WITH LOCAL 
COEFFICIENTS BY CROSSED COMPLEXES AND 
PARAMETRIZED SPECTRA 
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Abstract. For a discrete group G, we represent the Brcdon cohomology with local 
coefficients as the homotopy classes of maps in the category of equivaraint crossed 
complexes. Subsequently, we construct a naive parametrized G-spectrum, such that 

- ( the cohomology theory defined by it reduces to the Brcdon cohomology with local 

' coefficients when restricted to suspension spectra of spaces. 

o 

(N 

^ ■ 1. Introduction 

Hj ; 

Let G be a discrete group. In |MM96trMS10] the authors introduced the notion of 
Bredon cohomology with local coefficients and constructed a representing G-space. 
£_i | Here we continue the study of this representability result. 

<C In |Git63] . Gitler showed that the cohomology groups of a space with local coef- 

J | ficients are representable in the homotopy category. The classifying space for the 

n-th cohomology group H n (X; C) of X with local coefficients L is the generalized 
Eilenberg-Mac Lane complex L n (A, n) |Git63j . where £ is given by an action of 
7r = tti(X) on A. The space L n (A, q) appears as the total space of a fibration 
L n (A, q) — > K(tt, 1). The fibration may be interpreted as an object of the slice cate- 
00 ■ gory 7op/K(tt, 1), where 7op denote the category of topological spaces and continuous 

maps. There is a canonical map X — > Wit, inducing identity on fundamental group, 
so that X can be viewed as in 7op/K(n, 1). The classification theorem states that 



(N 



H n (X; C) is isomorphic to the homotopy classes of maps [X, L n (A, ri)]Top/if (7r,i) in the 
slice category 7op/K(n, 1). 

This result was extended to Bredon cohomology with local coefficients in [MSlOj . 
^ | In this case, the representing space can be written using the construction of Elmendorf 

(see [Elm83] ) which establishes an equivalence between the homotopy category of G- 
spaces and contravariant functors from the orbit category Oq to spaces. The main 
idea there was to use Gitler's result to construct the fixed points for each subgroup 
H of G and then use Elmendrof 's construction to from the representing G-space. 
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In this paper we write down this representability result in two ways, using crossed 
complexes and parametrized spectra respectively. The notion of crossed module of 
groups were introduced by J.H.C. Whitehead in [Whi49] . This was extended to 
crossed complex in |BH78j and studied further in [BGPTOi] . |BGPT97] . Crossed 
complexes encode the algebraic properties of the sequence {7r ri (X n ,X ,! " 1 )} n > 1 associ- 
ated to a skelton filtration X° C X 1 , C • • • of a CW complex X. If X is a connected 
CW complex with X° = *, the crossed complex {ir n (X n , X n ~ l )} n >i can be thought 
as the cellular chains on a universal cover of X as a 7TiX-equivariant chain complex. 
One might thus expect to recover cohomology with local coefficients as homotopy 
classes of maps in crossed complexes. In this paper we prove this representability 
result in Theorem 13.61 (compare [BH911 Proposition 4.9]). 

We give a description of the representability result for Bredon cohomology with 
local coefficients as in |MS10| using equivariant crossed complexes. In this regard, 
we construct a series of equivariant crossed complexes XG{M,n) — > XcijLi 1) arising 
from a equivariant local coefficients Ai. We prove 

Theorem A. For a G-space X and a 7r-module Ai = (M, 0) with a map of a : ttX — > tx_ 
of Cg-groups, the n-th Bredon cohomology group with local coefficients H G (X; 
is isomorphic to the set [IIg(X), xc{Ai, n )]^ ( ?(" v f i) °f vertical homotopy classes of lifts 
of a canonical map 9(a): Ug(X) — > XcijL^). 

(See Theorem 14.51 below.) 

The idea of representing cohomology theories is best achieved by spectra in stable 
homotopy theory: the various topological spaces representing the different cohomol- 
ogy groups fit together to form a spectrum, which then represent the cohomology 
theory as a whole by a single object in the stable homotopy category. In the case of 
cohomology with local coefficients, the domain category consists of topological spaces 
X equipped with a homomorphism a : Ti\X — > tt, and thus with a map X — > K(ir, 1). 
We show that it can be represented by a parametrized spectrum, constructed using 
the classifying spaces of crossed complexes (see [BH91] ). 

Lastly, for a discrete group G, we combine the results of the non equivariant case 
using Elmendorf 's construction. This is done in Section where we construct an 
equivariant parametrized spectrum Jg-M associated to a system of equivariant local 
coefficients Ai, again by using the geometric realization of the nerve of the equivariant 
crossed complexes XG{Ai,n). This is a naive G-spectrum (indexed over a trivial G- 
universe). This is to be expected for arbitrary coefficients systems, since one lacks 
the required transfer maps to index the spectrum over a complete G-universe. 

Theorem B. For X and Ai as in Theorem A, we have the n-th Bredon cohomol- 
ogy group with local coefficients Hq(X; M^) is isomorphic to the set of maps of 
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equivaraint parametrized spectrum over the equivariant Eilenberg-Mac Lane C-space 
(See Theorem 16.31 below.) 

1.1. Organization. The paper is organized as follows. In Section [21 we review 
some basic definitions and results on crossed complexes. In Section [3] we construct 
universal crossed complexes and use them to represent cohomology of local coefficients 
in the category of crossed complexes. In Section m we extend this result to Bredon 
cohomology with local coefficients case. In Section we construct the parametrized 
f2-spectrum Jn(A) and use the results of Section [3] to show that the associated coho- 
mology theory is cohomology with local coefficients. Finally in Section [6] we construct 
a parameterized equivariant f2-spectrum Jg-M and prove an equivariant analogue. 

1.2. Acknowledgements. We thank Prof. Goutam Mukherjee for many helpful dis- 
cussions on this topic. We also thank Prof. David Blanc for taking the time to go 
through a draft of this paper and give a number of helpful suggestions to improve its 
presentation. 

2. Crossed complexes 

Recall from |BH91j that a crossed complex is a chain complex of modules over 
a groupoid, but non-abelian in dimensions one and two. It encodes the algebraic 
properties of the sequence {n n (X n , X n ~ 1 ,p) p€ x a }'^Li associated to a filtration X° C 
X 1 C ... of a topological space X. 

2.1. Definition. A crossed complex C consists of a set Co, and groupoids C n for n > 1 
with the same object set C . There are morphisms of groupoids 5 n : C n — > C n _i and 
an action of the groupoid C\ on C n for n > 2. This satisfies the following conditions: 

(i) For n > 2, C n is a totally disconnected groupoid, that is, C n = {C n (x) : x G 
Co = ob(C n )}. The groups C n {x) are abelian if ti > 3. 

(ii) For n > 2, we denote the action C n x C\ — > C n by (c, ci) i— > c Cl . If c G C n (x) 
and Ci G Ci(x,y) only then is the map defined and c Cl G C n (y). The action of 
Ci on itself is by conjugation. 

(iii) For n > 2 the morphism d~ n is identity on the set of objects and commutes 
with the action of C\. The composite <5 n _i o 5 n is the map which takes all the 
morphisms to identity. The morphisms in the image of 62 act trivially on C n for 
n > 3 and by conjugation on Cj. 

We write s,t : C\ — > Co for the source and target map of the groupoid C±, and 
t : C n — > C , n > 2, denotes the target, or the base point map, of the totally 
disconnected groupoid C n . 
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2.2. Definition. A morphism of crossed complexes f: C — > V is a family of morphisms 
of groupoids f n : C n — > D n , n > 1, all inducing the same map of objects f : C ^ D , 
such that 5 n f n (c) = / n -i^n(c) and /„(c Cl ) = /„(c) /l(ci) for all c G C„,,ci G Ci, n > 1. 

We denote the category of crossed complexes by Crs. 

2.3. Examples. Let {X n } ng N be a filtration of a topological space X. Then, we have 
a crossed complex IT(X), defined as: 



Here 7Ti(X 1 , X°) is the fundamental groupoid of X 1 on the set X° of base points, and 
7r n (X n , X™ -1 , X ) is the family of relative homotopy groups ir n (X n , X n ~ l ,p) for all 
p G Xq. The groupoid Hi^X 1 ^) operates in the usual way on n n (X n , X n ~ 1 ,p), which 
gives the ^(X 1 ,^ ) action on 7i n (X n , X n_1 , X ). The differential 5 n , n > 3, is the 
composite 



where the first map is the usual boundary of the pair (X n ,X™ -1 ) and the second 
map is induced by inclusion. The other differential 62 : ^(X 2 , X 1 , p) — > 7ri(X 1 ,p) is 
the standard boundary map of the pair (X 2 ,^ 1 ). With these structures, n(X) is a 
crossed complex and called the fundamental crossed complex of the filtered topological 
space X. 

If X° = *, then we simply write Il(X) n , = 7r n (X n , I"" 1 ). The category of N-filtered 
spaces, denoted by jFTop, has objects filtered topological spaces and morphisms con- 
tinuous maps which respect the filtration. Then II is a functor from 37 op to Crs. For 
a CW-complex X, the associated crossed complex is given by the skeleton filtration. 

2.4. Definition. Let /, g : C — > D be maps between two crossed complexes. A homotopy 
from / to g, written as "H: / ~ g, is a pair ("H,g) where "H is a sequence of maps 
H n : C n — > D n+ i, n > which satisfy the following properties: 
(a) For c G C n , n > 0, 




TT^X"- 1 ,^ TT^X"- 1 ^) TT^X^X^p), 
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(c) For n > 2, % n preserves the action over g, i.e. if c G C n , n > 2, ci G Ci, and c Cl 
is defined, then % n (c Cl ) = U n (c)^ . 

(d) The pair (T-L,g) determines the initial morphism /; if c G C n , n > then: 

f s^o(c) ifn = 

f(c) = I Uois^gic^U^Uoitc)- 1 if n = 1 

[ {<7(c) + ?4-A(c) + 5 n+1 H ri (c)}^( te )" if n > 2 

The category Qrs has a closed model structure (see |Qui67| ) and the 'homotopy' 
relation is an equivalence relation on the set of morphisms of crossed complexes 
(see [BG89]). 

2.5. Definition. A self homotopy "H: / ~ / of a morphism /: C —> C of crossed 
complexes is said to be trivial if it takes every element "H„(c) is the identity element 
of the group C n+ i(tf(c)) for n > 1 and every element c G Co to the identity element 
of the group Ci(/(c), /(c)). 

The category Crs of crossed complexes has internal horn of maps GRS(C,T>), (cf. 
[BHSllj page. 277). The groupoid QRS (C,V) is defined to be the set Grs(C,V) the 
set of crossed complex maps, GRSx(C,V)(f, g) is the set of homotopies from / to g 
and CRS m (C,V) comprises of m-fold homotopies from C to T>, defined as follows. 

2.6. Definition. Let m > 2. An m-fold homotopy % from C to D over a morphism 
/ : C — > V, is given by maps 1-L n : C n — > D n+m for each n > which satisfy: 

(a) For n > 2, if c G C n and Ci G Ci, 

(b) T^i is a derivation over /, ie if c, d G C n and c + c' is defined then 

Hi(c + J)=H 1 (c) f iW+Hi{c>) 

(c) For n > 2 the "H n are morphisms, ie, if c, c' G C n and c + c' is defined then 

H n {c + c')=H n (c)+H n (c'). 

We shall denote the category of simplicial sets and simplicial maps by S. Given 
a simplicial set K G S the geometric realization \\K || of has a natural filtration 
of skeleta. Composing further with the functor U we get a functor from S to Crs. 
This is the fundamental crossed complex functor of simplicial sets which by abuse of 
notation we denote by II. 

Observe that the functor II preserves colimits. Using this fact we can define a 
right adjoint of II from crossed complexes to the pre-sheaf category of simplicial sets 
(cf. |BH91j ) and call it the nerve of a crossed complex. 
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2.7. Definition. The nerve functor N: Grs — > S is defined by 

iV A (C) n ,:= era(n(A n ),C), 

where A n is the standard topological n-simplex with standard cell structure and 
cellular filtration. The simplicial maps of iV A (C) is induced by the face and degeneracy 
maps of A". 

The classifying space 53(C) of a crossed complex C is defined as ||iV A (C)||, the 
geometric realization of the simplicial set N A (C). The following result appears in 
[BH91j . 

2.8. Theorem. If X is a CW-complex, andC is a crossed complex, then there is a weak 
homotopy equivalence 

r, : <B(GRS(Il(X),C)) ->7op(X,<8(C)) 
and a bijection of sets of homotopy classes 

[X^(C)] 7op ^[U(X),C]e rs , 

which is natural with respect to morphisms of C and cellular maps of X . 

We can encode the entire information above in the following diagram of categories 
and adjoint functors. 




n 

3. COHOMOLOGY WITH LOCAL COEFFICIENTS AND CROSSED COMPLEXES 

In this section we briefly recall the definition of cohomology with local coefficients. 
Then we construct universal crossed complexes associated to local coefficients and 
prove that they represent cohomology with local coefficients. 

3.1. Cohomology with local coefficients. Let X be a connected space. A local 
coefficients on X is a pair Ay = (A, 7), where A is an abelian group and 7 group 
homomorphism 7: tti(X) — > Aut(A). Often we call (A, 7) a 7r 1 (X)-module. Then 
H*(X; Ay), the cohomology of X with local coefficients Ay can be defined as follows 
(see [Whi78| ): Let p: X-^Xbe the universal cover of X, with its usual right 7Ti (in- 
action obtained by identifying 7Ti(X) with the group of covering transformations. 
Then the singular chain complex S(X) of the universal cover (with integer coefficients) 
is a right Z7Ti (X)-module. Form the cochain complex of equivariant cochains 

S*(X;Ay) :=Eom ZniX (S*(X),A). 
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3.1. Definition. The cohomology of the cochain complex S*(X;A 1 ) is called the co- 
homology of X with local coefficients and is denoted by H*(X; Ay). 

If X is a CW-complex with skeletons {^ n }, then the universal cover X has 
a canonical CW-structure with skeletons {X n = p~ 1 {X n )} and the projections 
p\xn '■ X n — > X n , n > 2, are universal covering projections. The cells of X are given 
by the path components of the inverse image of cells of X. In this case, the cellular 
cochain complex of X can be used to define the cohomology with local coefficients. 

3.2. Universal crossed complexes. Given a group ir and a 7r-module (A,(j)), we 
construct universal crossed complexes x</>(A n )i xi 71 ^ n ) together with maps of crossed 
complexes p: x^(A,n) — > x( 7r , 1) for each n > 0. 

3.2. Definition. For a group 7r, the crossed complexes x(7r,n), n > 1, are defined by 
the formula: 

7r if m = n 
* otherwise 



The SiS and the action of x{^i n )i on x( 7r ; ?7 -)m are obvious. 
The crossed complex x(7r, 0) is defined by 



x(tt,0), 



7r if m = 
{ici^lx G 7r} otherwise 

The maps 5i and the actions of xi^i 0)i are automatically fixed. 



The classifying space 53x( 7r ? n ) — ||^ rA (x( 7r ; n ))|| is the Eilenberg-Mac Lane space 
K(n, n). 

3.3. Definition. For a 7r-module (A, 0), we define crossed complexes x<t>{A,n), n > 
over x(7r, 1) as follows: 

• For n>2 the crossed complex x<t>(A,n) is defined by: 

{it if m = 1 
A if m = n 
* otherwise 

The 6i are all trivial and the action of it on A is given by 0. Note that we 
have a canonical map p: x</>(A n ) ~^ x( n A) , which is the identity on the first 
level and trivial on all the other levels. 

• The crossed complex x</>(A 1) is defined using the equation 



Ti x A if m = 1 
* otherwise 



X<f,(A, l) m = 

In this case the map p: X^(A, 1) — > x(7r, 1) is the projection at the first level. 
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• To define x<p(. n i 0), we first note definition of Gpd(G, M), a groupoid associated 
to a group action of G on a set M. It has M as the set of objects and g G G 
is a morphism from m 6 M to m' 6 M if gm = m' . There is a functor 
from Gpd(G,M) to G (considered as groupoid with one object). The crossed 
complex X(/>(A, 0) is defined by 



The maps 5i and the action is automatically fixed. The map to x{^i 1) is 
trivial on all dimensions except at 1 where it is the map between groupoids 
described above. 

The classifying space Q3(x</>(A n )) — ll^ A (X0(A n ))\\ is the generalized Eilenberg- 
Mac Lane space L n (A, n), which is the representing space for cohomology with local 
coefficients (see ptMlffir7^IBFGM03[IGJ99j ) . 

3.4. Remark. Suppose (A, 0) is a 7r-module, (A', 0') is a 7r'-module and a: n — > ir' is a 
group homomorphism. Let p : A — > A' be a 7r-module homomorphism, where we view 
A' as 7r-module via a. Then we have naturally induced maps of crossed complexes 



such that a t ojj=f)'op,. 

3.3. Representing cohomology with local coefficients. Fix a group 7r and a 
ir- module (A, 0). Let C n be the category whose objects are pairs (X, a), where X is 
a reduced CW-complex and a : it\ (X) — > tt is a group homomorphism. A morphism 
/: (X, a) — > {Y, (3) is a cellular map /: X — > Y such that a = /? o / t) where /* : 
7Ti(X) — > tt\(Y) is the induced map. Note that, for (X, a) G C w we have a system of 
local coefficients A^ a on X. Further, we have a canonical map of crossed complexes 
9 a : I1(X) — > x(7r, 1), obtained by composing the quotient map iri(X^) — > tti(X) 
with a. 

Let {n(X), x^(A, n)} x ( 7r x) be the set of lifts of the map 9 a : 




A if m = 
Gpd(n,A) if m = 1 
x(A, 0) m otherwise 



P*- X<p(An) -> x^(A',7i); «*: X^, 1) -» X^', 1), 



n(x) 



0, 



x(tt,1) 



3.5. Definition. Suppose f,gE {H(X), X(/>(A, n)} x ^^). Then / and g are said to be 
vertically homotopic if there is a homotopy H : / ~ g of maps of crossed complexes 
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(cf. Definition I2.4p such that po'H: 11(A) — > x(7r, 1) is the trivial homotopy of the 
map 9 a (cf. Definition 12. 5p . 

As mentioned earlier, the category Grs of crossed complexes has a closed model 
structure (cf. [BG89j ). Moreover, if U is an object of a closed model category U, then 
the category U I U, the category of objects over U has a closed model structure, 
induced from that of U (cf. page 330 [GJ99] ). In particular, the category Qrs I 
x(vr, 1) of objects over x(7r, 1) has a closed model structure. Consequently, the vertical 
homotopy of liftings of 8(a) to x<t>{^i n )i viewed as abstract homotopy of morphisms 
of Qrs l x(7r, 1), is an equivalence relation. We denote the corresponding vertical 
homotopy classes by [I1(X), x^,(A, n)] x ( 7r l ). 

3.6. Theorem. With notation as above, for (A, a) G C^, the cohomology with local 
coefficients H n (X;Arp a ) is isomorphic to 

^;V) = PW,^.n)W). 
where the right hand side denotes the vertical homotopy classes of lifts of 8 a . 

Proof. We prove the theorem separately for n = 0, 1, 2 and for n > 2. In the different 
cases of the proof we will show that {11(A), x<t>{A, n )}x(TT,i) is same as n-cocycles of the 
cochain complex S*(X; A^) (cf. Definition 13. II) and two lifts are vertically homotopic 
if and only if the corresponding cocycles differ by a coboundary. 
Case I, n> 3: First we prove the result for n > 3. We show that the set 
{11(A), x<t>(A, w)} x (7r,i) ^ s m one-to-one correspondence with the n-cocycles of the 
cochain complex S*(X; A^). Note that, a map / G {11(A), x</>(A ^)}x(vr,i) deter- 
mines and is determined by a 7Ti (A)-module map 

f:n n {X\X n ~ l )^A, 

such that / o 5 n+ i : 7T n+ i(X n+1 , X n ) — > A is the zero map. The covering projection 
induces isomorphism p* : ir n (X n , A n_1 ) — > 7i n (X n , A n_1 ). Further, since the pair 
(A n , I"" 1 ) is (n- reconnected, we have H n (X n , I^ 1 ) = n n (X n , A™- 1 ) by Hurewicz 
Theorem and the following diagram commutes: 

H n+1 {X n +\ A") ^— n n+1 (X n+ \X n ) — 7r n+1 (A"+\ A") 

d 8 

H n (X n ,X n ~ l ) 7r n (A™, A™" 1 ) — ^ n n (X n , A* 1-1 ). 

As mentioned in 13. 1[ we can use the cellular chain complex {H n (X n , A n_1 ), d} of 
the universal cover A for the definition of cohomology with local coefficients. Hence, 
identifying 7r n (A", I™" 1 ) with H n (X n , A"" 1 ), we see that / is a n-cocycle of the 
cochain complex S*(X; A^a). 
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Let /, g G {npT), x$(A, n )}x(n,i) an d / ~ 9 be a vertical homotopy (cf. Defini- 
tion ESp. 



7r n+1 (X" +1 ,X") — 7r n (X n ,X™- ] 



TTn-ipr"- 1 ,*"- 2 ) 




Hence T-Lo(tc) is the identity e of 7r. So we get from Definition 12.41 

f{c)-g(c) = H n -i{6 n (c)). 

The map H n _i : 'K n _ 1 {X n ~ 1 , X n ~ 2 ) = H n _ 1 (X n - 1 , X n ~ 2 ) -)• A is a group homo- 
morphism, equivariant with respect to 7Ti (X)-actions and hence is a (n — l)-cocycle. 
Thus f,g £ {U(X),x<t>(A,n)} x ( nt i) are vertically homotopic if and only if / — g is a 
coboundary. Hence, 

if*(X;^) = [n(X),X0(A,n)] xM) , for n > 3. 

Case II, n=2: The n = 2 case differs slightly from n > 2 situation. Here 
the Hurewicz map p: ^(X^X 1 ) — > H 2 (X 2 ,X 1 ) is no longer an isomorphism, 
but an epimorphism with kernel the commutator subgroup of ^(X^X 1 ). But, 
p t : ^(X^X 1 ) -> ^(X^X 1 ) is still an isomorphism. Therefore, H 2 {X 2 ,X l ) ^ 
^(X^X 1 ), where ^(X^X 1 ) denotes the abelianization of ^(X^X 1 ). 



vr 3 (X 3 ,X 2 ) 



5 3 







/ w 

A 



mix 1 ,*) 
h 



7l 



Since, / is a homomorphism into an abelian group, it factors through 7r|(X 2 , X 1 ) and 
hence give a 2-cocycle of H 2 (X; A^). As, in the case n > 2, two lifts are vertically 
homotopic if and only if the corresponding cocycles differ by a coboundary. (Note 
that, fi5 2 = does not give us any condition. This is automatic, as the map fi = 9 a 
factors through 7Ti(X) and hence it has to vanish on Im^)-) 

Case III, n=0,l: Now we consider the cases n = 0,1. Note that the first 
Postnikov section map X — > K(tti(X),1) is 1-connected. Hence H l (X; A^) = 
H l (K(7Ti(X), 1); A^a) for i — 0, 1, so we have 

H°(X;A^ a ) = A^ x \ H\X;A^) = Der(ir 1 (X),A)/PDer(ir 1 (X),A). 

For a 7r 1 (X)-module A, Der(7Ti(X), A) is the set of all functions D : 7Ti(X) — > A 
such that D{xy) = D(x) + xD(y), Wx,y G 7Ti(X) and PDer(7Ti(X), A) is the set of 
all functions D a : 7Ti(X) -)• i of the form D a (x) = xa — a for fixed a G A. The set 
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Der(7Ti(X), A) forms an abelian group under point- wise addition and PDer(7Ti(X), A) 
is a subgroup. 




9 

->- 7T X A 

Given a map / £ {I1(X), x^(y4, l)} x ( 7r l ), we have a group homomorphism 
/: 7Ti(X 1 , *) — > Ti x A which is trivial on Im^). This follows due to commutativity 
of the left box of the above diagram. Therefore, / factors through the quotient map 
^(X 1 ) — > 7Ti(X). By abuse of notations, we denote this factored map 7Ti(X) — > tt x A 
again by /. Since / is a lift of 9 a , f is of the form f(x) = (a(x), D{x)) for some func- 
tion D : 7Ti(X) — > A. Now, f(xy) = f(x)f(y) implies that D{xy) = D(x) + a(x)D(y). 
Thus, / is completely determined by a derivation D of the 7Ti (X)-module A. If 
/, g £ {n(X), x</>(A l)}x(7r,i) are vertically homotopic under / ~ g, then we have 

Wi(aO) = g(x)- l U Q (sx)- l f{x)U Q (tx), x £ vr^X 1 ). 

Clearly, Hi is the zero map and tx = sx, as X has only one 0-simplex. Further, 
Hoi*) = (e, a) for some a £ A, e being the identity of 7r, since H is a vertical 
homotopy. Therefore, we obtain g(x) = (e,a)~ l f(x)(e,a). Since / is a lift of 9 a , 
we have f(x) = (a(x),b) so that f\x) = b. Hence, g(x) = (y,—b + a + a(x)b) i,e 
g(x) = — a + b + a(x)a. So g(x) — f(x) = a(x)a — a. This shows that f,g are vertically 
homotopic if and only if /, g differ by an element of PDer^^X), A). Hence, 

H\X-A^) = Der(7r 1 (X),A)/PDer(7r 1 (X),A) = [n(X), ^(A, 

Finally, observe that 

[n(x), x ^(A,o)] x(7r>1) = {n(i),^(A0)} xM) 

and a map / £ {n(X), x<t>(A, 0)} x ( 7r> i) is determined by choosing a point /(*) £ 
A ni ( x \ due to the commutativity of the following diagram of maps of groupoids: 

TTl(X) — * 

/ 



Gpd(n, A) 



A. 



This shows that [n(X), Xf(A, 0)] x( 



7T,1) 



A ni( - X l 



□ 
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4. Bredon cohomology with local coefficients and crossed 

complexes 

In this section we formulate an equivariant version of Theorem 13.61 In order to 
define Bredon cohomology with local coefficients, we recall the following. 

Let G be a discrete group. The orbit category Oq of the group G is a category 
whose objects are left cosets G/H = {gH\ g £ G}, as H runs over the all subgroups 
of G. The group G acts on the set G/H by left translation. A morphism from G/H to 
G/K is a G-map. Note that a subconjugacy relation a~ l Ha C. K, a £ G, determines 
a G-map a: G/H — >■ G/K, given by a(eH) = aK. Conversely, any G-map form G/if 
to G/iiT is of this form (cf. |Bre67j ). A contravariant functor from Oq to 7op is called 
an Oq -space. A map between (9 G -spaces is a natural transformation of functors. The 
category of C^-spaces is denoted by (Do-fop. The notion of Oc-groups or abelian 
Oc-groups has the obvious meaning replacing 7 op by Qrp or Ab. Similarly, we can 
talk of Oq -chain complexes or Oc-crossed complexes. For a G-space X, we have an 
(9 G -space $X, defined by, 

$X(G/H) = X H = {x £ X\ gx = x V g £ H} 

for each object G/H of (9 G and $X(a)(x) = ax, x £ X A , for morphism a: G/iJ — >• 
G/K of G - Thus we have a functor $: G-7op -)• C G -Top 

For a G-space X, with a G-fixed point we have an (9 G -group tt_X defined as 
follows. For any subgroup H of G, 

TrXiG/H):^^ 11 ^), 

and for a morphism a: G/H — > G/K, a -1 Ha C iT, 7rX(d) is the homomorphism 
in the fundamental groups induced by the map a: X K ^ X H . We shall denote the 
composite functor n o $: G-7op ->■ C G -Crs by n G . Thus Ua(X){G/H) = Il(X H ). 

4.1. Definition. Let i£, E" £ (9 G -Crs. Two maps of (9 G -crossed complexes it = 

= {w n }: E E' are said to be homotopic if there exist natural transfor- 
mations 

U n : v n -> U7 n+ i, n > 0, 

such that {H n (G/H)} n >o is a homotopy of maps of crossed complexes v{G / H),w{G / H) 
for each subgroup H of G. We denote {H n }^L Q by "H : v ~ u>. 

4.2. Definition. An G -group 7r is said to act on an (9 G -space (C G -group or abelian 
(9 G -group) T if we have a natural transformation : 7r x T — )■ T such that 

0(G/#) : vr(G/iJ) x T(G/H) T(G/H) 
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is an action of the group n(G/H) on T(G/H) for each subgroup H of G. If 7r acts 
on an abelian C^-group T, then we call T a n_-module, and denote it by (T,<p). A 
system of equivariant local coefficients on a G-space X is a 7rX-module M. = (M, 0) 

4.1. Bredon cohomology with local coefficients. In this section we assume our 
G-spaces X have the property that the fixed point set X H is connected, locally path 
connected, and semi- locally simply connected for each subgroup H < G. For example, 
X may be a G-connected G-CW-complex (i.e. a CW-complex with cellular G-action 
such that X H is connected for all H < G). If X is a G-CW-complex, then all the 
fixed point sets X H are GW-complexes (see |tD87j ). 

For a subgroup H of G, let pn '■ X H — > X H be the universal cover of X H . The left 
translation a: X K — > X H , corresponding to a G-map a: G/H — > G/K, a -1 Ha C K, 
induces a continuous map a: X K — > X H , such that p# o a = a op K . 

4.3. Definition. The Cc-space X, defined by X(G/H) = X H and X(a) = a, is called 
the universal Oc-covering space of X. 

A more general version, called 'universal covering functor' was introduced by W. 
Luck in [Liic89] . For v G X G , the natural actions of nX(G/H) = tti(X h ,v) on 
X[G/H) = X H as H varies over subgroups of G, define an action of the (9c-group 
7rX on the Cc-space X. 

The Bredon cohomology of X with local coefficients (M, 0) can be described as 

follows (see |MM96trMS10j ): we have a chain complex |G n (A^),9 n | in the abelian 
category Oc-Abgp, defined by 

C n (X)(G/H) :=C n (X H ;Z) 

for every object G/H and for every morphism a : G/H — > G/K, a -1 Ha C K, 
Qja) := a # : G n (X^; Z) C n (X H ;Z), where C n (X H ; Z) denotes the free 
abelian group generated by the singular n-simplexes in X H . The boundary map 
d n : C_ n (X) — >■ G n _ 1 (X) is the natural transformation, defined by d n (G/H) := <9„ 
where the map <9„ : G n (X H ; Z) — > G n ,_i(A Ai? ; Z) is the ordinary boundary map. 
Note that the C^-group vrX acts on the C G -chain complex {C_ n (X),d n } via its 
action on X. We now form the cochain complex |Hom 2L x(G n (X), M), S n j, where 

Hom E x{C_ n (X), M) consists of all natural transformations C_ n {X) — > M respecting 
the actions of ti_X and 5 n f — f o d n+ i. Then the n th Bredon cohomology group of X 
with coefficients in (M, <fi) is defined to be 

H^X-M^) := H n (Uom KX (C*(X),M)). 
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Let 7T be an C^-group and M. = (M, <j)) be an 7r-module. Then we have C^-crossed 
complexes XG(lLi n ) and Xg(-M ; n ), defined by 

XG (7L,n)(G/H) := X (k(G/H), n); Xg(M, n)(G/#) := X ±(G/H){M{G/H), n), 

since by Remark E31 any map a: G/H G/K, induces maps M( a)* : x(n(G/K),n) — > 
x(k(G I H) , n) , 7r(a)* : x(e(G / K) , 1) — >■ x(e(G / H) , 1). Also, we have a map 

P: Xg(A4, n) XgGl™) 

of Oc-Crs, where p(G/H): x±(g / h)(M (G / ' H) , n) -> x(z(G/H), n) is defined in Sec- 
tion 13.21 

Let be the category of based G-spaces together with a map of Cc-groups 
a: txX — > 7r with morphisms based G-maps /: X — > Y satisfying obvious compatibil- 
ity Such a map a induces a map of C^-crossed complexes 9(a): H G X — > Xg(e, u ), 
where 0(a)(G/H) = Oa(G/H) as defined in Section l3~3l Let {H G (X), Xg(-M, n )}^(",f i) 
be the set of lifts of the map 0(a): 

Xg(M, n) 



U G (X) — r XG (lL, 1) 

0(a) 

4.4. Definition. Two maps f,g£ {n G (X), x G (.M, ^)} x °^. n- are said to be vertically 
homotopic if there is a homotopy "H : / ~ g of maps of (9 G -crossed complexes (cf. 
Definition EQ) such that p(G/iT) o U(G/H) : Tl(X H ) x(k(G/H), 1) is the trivial 
homotopy (cf. Definition 12. 5p of the map Oa(G/H)- 

4.5. Theorem. With notation as above, for (X, a) G and a n_-module M. = (M, <fi), 
the Bredon cohomology with local coefficients H G (X; M^a) is isomorphic to 

H G (X;M^) = [U g (X),xg(M, n)]° x ^ v 

where the right hand side denotes the vertical homotopy classes of lifts of 0(a). 

Proof. The proof is similar to the non-equivariant Theorem 13.61 The correspondence 
can be described by associating / e {H G (X), Xg(-M ; n )j"xG(~^i)' ^ ne n ~ coc Y^ e °f bre- 
don cohomology with local coefficients {f(G/H) n }H<c- D 

5. Representability of cohomology with local coefficients as a 

parametrized spectrum 

In this section we use Theorem 13.61 to represent the cohomology with local coeffi- 
cients using parametrized spectra. Following |MS06] we construct an f2-prespectrum 
J n A over the parameter space K(n, 1) associated to an 7r-module A, and prove that 
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the cohomology theory on the category of spaces over K(jr, 1) associated to this spec- 
trum is the cohomology with local coefficients. We use the classifying space functor 
03 from crossed complexes to spaces to define this parametrized spectrum. Recall the 
definition of parametrized spectra following |MS06j . 

We work in the category of compactly generated weak Hausdorff spaces. 

5.1. Definition. An ex-space over B is a triple (X,p, s) where X is a topological space 
and B -4- X A B such that p o s = id. 

A morphism of ex-spaces (X,p,s) — > (Y,p',s f ) is a map / : X — > Y such that 
p' o / = p and / o s — s'. 

We denote category of all ex-spaces over the space B by 7b- The category 7b is 
enriched over topological spaces and has all colimits and limits. There is a fibrewise 
smash product A# and a fibrewise mapping space Fb of ex-spaces, and these are 
adjoint. We recall the relevant definitions briefly (see |MS06j for more details). 

5.2. Definition. Let X — > B and Y — > B be spaces over B. 

• The pullback of X — > B Y is denoted by X Xb Y. It has an evident map 
to B. 

• The pullback of B -»■ Map(X, B) Map(X, Y) is denoted by Map B (X, Y). 

5.3. Definition. Let (X,p,s), (Y,p',s') be ex-spaces over B. 

s s' 

• The pushout of X <— B — > Y is denoted by X V# Y, the fibrewise wedge of 
X and Y. It has an naturally induced map X \/bY — > X XbY over B. 

• The pushout of*^ ^— X \/ b Y — > X Xb Y is the smash product X As Y in 

s' s 

• The pullback of B — > Y = M&p B (B, Y) <— Map B (X, Y) is the mapping space 
F B (X,Y) mT B - 

For a pointed space Y, let Yg denote the ex-space (Y x B,p,s), where p is the 
projection onto the second factor and s is the cross section determined by the base 
point of Y. The fiberwise loop functor is then defined as Qb(X) := Fb(S b ,X). In, 
general, for a finite dimensional inner product space V, let S denote the one point 
compactification of V. So we have 

El(X):=XA B S%, n B (X) :=F B (S v Bl X). 

f f 
A map (X,p, s) — > (Y,p', s') of ex-spaces over B is called an q-equivalence if X — > Y 

is a weak equivalence of spaces (forgetting the ex-space structure). The notion of 

qf-fibrations is defined as maps satisfying the right lifting property with respect to 

certain inclusions S 1 ™ — > T> n+1 where 5™ is the closed upper hemisphere of T> n+1 

(see [MS06t Definition 6.2.3] for details). Since the inclusion of the upper hemisphere 
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is an acyclic cofibration the condition is satisfied for Serre fibrations. Thus, if the 
map X — > B is a Serre fibration then X is g/-fibrant. Here '/' refers to fiberwise. 

5.4. Theorem. The category Tb of ex-spaces over B is a well- grounded model category 
with respect to the q- equivalences, qf -fibrations, and qf -co fibrations. 

To define spectra, we first fix a countable infinite dimensional inner product space 
U. Following jMS06] . we define prespectrum E over B. 

5.5. Definition. Let B be a fixed base space. 

• A prespectrum E over B consists of ex-spaces E(V) over B for each finite di- 
mensional subspace V of U, together with maps of ex-spaces, (called structure 
maps) a v ' w : T^~ v E{V) E(W) for V C W, such that the following are 
satisfied: 

(1) For each finite dimensional V CU, a v,v = id. 

(2) For finite dimensional V, W, Z C U, a v > z = a w > z o E%~ w a v ' w . 

• A prespectrum E over B is level g/-fibrant if each E(V) is a g/-fibrant ex- 
space over B. 

• An f2-prespectrum E over B is defined to be a level g/-fibrant prespectrum 
over B whose adjoint structure maps a v > w ; E(V) — > il^~ v E{W) are q- 
equivalences of ex-spaces over B. 

Consider the crossed complex x<p(A, n) associated to a ir- module (A, (cf. Section 
13. 2p . Since the classifying space of a crossed complex is the geometric realization of 
a simplicial set, 23(x<?i(A n)) is compactly generated and weak Hausdorff. 

5.6. Proposition. The classifying space 53(x</>(^4, n)) is an ex-space over K(ir,l) = 
53(x(7r, 1)) which is qf-fibrant. 

Proof. The map p is obtained by applying 23 to the map x<t>(A,n) —> xi^i !)• The 
map x( 7r ) 1) — * X<t>{A,n) for n > 2 is the identity at level 1 and is the inclusion of 
the identity at higher levels. For n — 1 this is the inclusion of 7r in 7r x A at the first 
level. For n = the map takes n to the endomorphisms of the identity in M in the 
groupoid Gpd(ir, M). It is clear that the composition xi^i 1) — ^ X<j>(A,n) — > x(7r, 1) 
is the identity. 

To complete the proof we need to show that 23(x</>(A^)) - > ^{xi^i 1)) is a Serre 
fibration, which in view of the discussion above implies that Q3(x</>(A n)) is a qf- 
fibrant ex-space. Since the geometric realization of a Kan fibration is a Serre fibration, 
it is enough to show that iV A (x^(A, n)) ->■ N A (x(ir, 1)) is a Kan fibration of simplicial 
sets, which by ( |BH91l Proposition 6.2, p 112]) is equivalent to the condition that 
X4>{A,n) — > xiji 1) is a fibration of crossed complexes. 
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A map between crossed complexes is a fibration if it is a fibration of groupoids 
on level 1 and surjective on higher levels (see [BG89[lBro08j ). This is satisfied by 
X(j>(A,n) x( 7r ) !)■ This completes the proof of the proposition. 

□ 

We will prove that 

J n A(R n ) :=^(xM^)) 
defines an fi-prespectrum over *B(x(?r, 1)) (this defines a spectrum indexed over a 
cofinal collection of inner product subspaces of U, we can extend it to the entire 
collection by the formula 

J V A{V) = Qf ( ;J } J^(M m ) 

where n is the minimum positive integer for which V C W 1 ). By the above, J n A 
is level g/-fibrant on the indexing spaces M n . It follows that J n A(V) — > K(ir, 1) is 
a g /-fibration since this is equal to Q^-,~^J^A(W l ) which is written as an iterated 
pullback, and that fibrations are preserved under pullback. 

It remains to construct the structure maps of J W A(V) — > il ] ^^ K V 1 ^J 7T A(W) and show 
that they are weak equivalences, and again it suffices to prove this for the cofinal 
indexing collection {M n }. In this regard, it remains to construct maps *B(xc/>{A, n)) — > 
^<B(x(w,i))^i.X(t>(A, n + 1)) and to show that these are weak equivalences. 

We define a construction similar to Fb{S b , — ) in the category of crossed complexes 
whose classifying space is weakly equivalent to Fb(S b , — ) as ex-spaces over the space 
B. Fix the model x(Z, 1) = n(S' 1 ) (defined using the CW complex structure of 5" 1 
with one 1-cell and one 0-cell) of S 1 in crossed complexes. 

We can form a map xi 71 ? 1) ~^ ^.RS^xCZ, 1)> x( 7r ? 1)) which maps each point to the 
corresponding "constant map"; we then define Ci2jS , x ( 7I - ) i)(x(Z, 1), xi^i 1)) to be the 
pullback 

GRS x{n>1) {x(Z, 1), xMi n)) GRS( X (Z, 1), X<M n)) 



X(vr,l) 



ei?5(x(z,i),x(7r,i)) 



Then we further form the pullback to define (%(Z, 1), x( n i 1)) 



X(vr,r 



X4>(A,n) 



Note that the pullback in the category of crossed complexes is obtained by taking the 
pullback levelwise, i.e, the pullback P of C — > V <— C is described by P n = C n x Dn C' n . 



18 



SAMIK BASU AND DEBASIS SEN 



Next we calculate QRS(x{%, 1), X</>(A n ))- We use the description of this in terms 
of m-fold homotopies as described in section 2. For n > 3 



For n = 2 we have 



Hom(Z, 7r) = 7T 
{x G 7r|g = x/x -1 } 
* 

Hom 7r (vr, A) ^ A 
Map(*,A) 



if m = 
if m = 1 

if m 7^ 0, 1, n — 1, n 
if m = n — 1 
if m = n 



ei?S (x(Z,l), % (A,2)), 



Hom(Z, 7r) = 7T 

{x G 7r|x/x _1 = X v4 

Hom(*,y4) 

* 



if m 
if m 
if m 




1 

2 



and for n = 1 we have 

ei2S r o(x(z,i),x^(Ai))m = 

Next we calculate C-RS , (x(Z, 1), x(tt, 1)) 

ei2S r o(x(Z J l),x(7r,l)) m = 
We have the following proposition. 




if m > 2 

if m = 
if m = 1 
if m >1 



7r if m = 

{x G 7r|g = x/x -1 } if m = 1 
* if m > 1 



5.7. Proposition. For a n-module (A, (J)), F^f^^Z, 1), x#(A n )) — X</>(A n — !)■ 

Proof. To justify the statement of the proposition, we make explicit calculations; 
considering separately the cases n > 3, n = 2 and n = 1. 

Case I, n> 3: We need to compute the map i : xip, 1) — >■ C-R5'(x(Z, 1), x(tt, 1)): 
this corresponds to the map which takes a point of x(Z, 1) to the constant map 
based at a point in x(7r, 1). It can be factored as x( n A) QRS(*, x(tt, 1)) — >■ 
Ci?S'(x(Z, 1), xl 71 "; !))• The crossed complex * is the complex which is trivial at each 
level. The latter map is induced from the map x(Z, 1) —> *■ 

The map i : xi^i 1) ~~ G-RS'(x(Z, 1), x(7T> 1)) on the zero level takes * to id G 7r, on 
the 1-level takes 7r isomorphically to tt = Ci?S'i(x(Z, 1), x(tt, !))(*, *)■ So, when we 
form the pullback we have 
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* if m = 
7i if m = 1 
A if m — n 

* else 

To form the second pullback we need to calculate the map 



1, n 



e : eJ?S , x(W| i)(x(Z, 1), n)) n) 

given by evaluation at a base-point. The base-point in x(Z, 1) is given by a map 
* — >■ x(Z, 1) and the map e is the composite 

eRS x{ „ >1} (x(Z, 1), X<f>(A n)) -)• 6^(^,1) (*, n)) = x*(A n). 

This map is an isomorphism at the level 1 and n and the trivial map at the other 
levels. The map x(7r, 1) — > x</>(A n ) is an isomorphism at level 1 and trivial at other 
levels. So when we form the pullback the level n part goes away and we get, 



7r if m = 1 
A if m = n — 1 
* if m ^ 1, n — 1 

Thus we get i^M^ 1). n)) = x<f>{A n - 1) for n > 3. 
Case II, n=2: The map 

e.RS'CxCz, i), xM, 2)) -> e^(x(z, 1), x {*, i)) 

is the trivial map on level z for z > 1 and the projection 

{x G ^Ix/x^ 1 = x A — )• {x G 7r|x/a; _1 = g} 
for 2 = 1. Forming the pullback we get, 

* if m = 
7r x A if m = 1 
A if m = 2 

* if m > 2 

v 

The map 

e: ei25 , x(T)1) (x(Z J l),X0(^,2)) 4^,2) 

given by evaluation at the basepoint can be calculated similarly as before as an 
isomorphism on level 2 and the projection n X A — » 7r on level 1, and trivial on other 
levels. For the second pullback we get, 

^ 1) (x(Z,l),x4^2))i = vr x A; F^O^l), 2)), = *Vi ^ 1 

Thus we have proved that i^.ijM 2 ' 1), X4t {A, 2)) = x^(A 1). 



ei? 1 s x(7r , 1) (x(z,i),x0(A2)) m = { 
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Case III, n=l: We fix the notation pr for the projection tt x A — > it. The map 
eRS(x(%, 1),X<^(A 1)) QRS{x{%, 1),x(tt, l)) is pr on level and 1 and trivial in 
higher levels. Forming the pullback we get, 

eRS x{ T rA) ( X (Z,l),x<t>(A,l))o = A 

The next level is a groupoid pullback: 

(*, tt) — y (it, Hom(/, g) — {x E 7r|x/x _1 = g}) I— (ttx A, Hom(/, cjr){x G irtKAlxfx' 1 = 

where in each pair (R, S) R denotes the objects and S morphisms. The groupoid 
pullback has object set A. The set Hom(/i,/2) is just the pullback of 

Hom(*, *) —j- Hom(*, *) -f- Hom((*, /i), (*, l 2 )). 

In the last set we have those elements x = (a, I) (this means x~ l = (a -1 , — a~ l (l))) 
which satisfy h)x~ l = (*, l 2 ), ie, (*, a _1 (/ + l±) — a" 1 ^)) = (*, l 2 ). This reduces 
to the equation a -1 ^) = l 2 . This means we have 

ei?S xM) ( X (Z, 1), X4>(A lMh, l 2 ) = {ae *K\a-\h) = l 2 } x A 

and 

The next step is to calculate the map 

e: ei?% )1) (x(Z,l), X ^(i ) l)) ->X*0M) 

given by evaluation at the base-point and can be calculated similarly as before. At 
the 0-level it maps A to *. At the 1-level on Hom(/ 1; l 2 ) is the inclusion 

{a e nla^^x) = l 2 } x A — > n x A. 

At other levels this is the trivial map. So again the pullback becomes a pullback of 
groupoids (just considering the and 1-levels) 

(*,7r) ->■ (*,7T x A) <r- (A, Hom(/i,/ 2 ) = {«£ 7r|a _1 (/i) = l 2 } x A. 

The object set of this pullback is A. In the pullback groupoid the morphisms between 
l\ and l 2 are 

{(a,(M)IM) = (M) &r 1 (/ 1 ) = / 2 } 

This forces a = b and / = 0. Then we get exactly the same morphisms as those of 
Gpd(iT, A). Therefore we obtain 

(A if m = 

Gpd(n,A) ifm = l 
* if m > 1 
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This is precisely the description of x<j>{A,0). This completes the second part. □ 

5.8. Proposition. For a n-module (A,(f>), 

®2^ >1) (x(Z l l) lX *(An)) * ^(SlrM.Wn)). 

Proof. The map S* 1 — > 53n(S' 1 ) ~ i^(Z, 1) is a weak equivalence. Also we know from 
[BH9T] that Map(A, 53(C)) ~ 53(e J R£'(n(X), C)). Therefore, ^BeRS(x(Z,l),V) ~ 
Map(S' 1 , 532?) . Since the nerve functor is a right adjoint and geometric realization 
takes pullbacks to pullbacks, the functor 53 takes pullbacks to pullbacks. The proof 
follows. □ 

Combining the above propositions, we have the following result. 

5.9. Theorem. The spaces {</ 7r ^4(^)}v'c]8° o forms an Q-prespectrum over K(jr,l) = 

Proof. Combining Proposition 15.71 and Proposition 15. 6\ we see that there is a map 

53x^(A, n) -> ^ (7r>1) 53x0(A n + 1) 

over X(7r, 1) = 53x(tt, 1) which is a g-equivalence. Also it follows from Proposition 
15. 6} that the spaces 53x</>(A ri ) are a ^/-fibrant ex-space over K(ir, 1). We have seen 
how to extend these results from the cofinal collection {IR n } to the collection of all 
inner product subspaces of M°°. Therefore, { JnAiV^vcR 00 is an fi-prespectrum. □ 

We now recall the definition of cohomology theory defined by a parametrized spec- 
trum J over a base space B. 

5.10. Definition. Let J, E be spectra over B. For integers n, define the n-th J- 
cohomology groups of E as 

J n (E) :=ir- n (r*F B (E,J)). 

For an ex-space X over B, taking E = E^X defines the J-cohomology groups of X 
determined by the spectrum J. 

These cohomology groups can also be written as 

J n (E) = [S B n , F B (E, J)] B - [E, F B (S B n , J)] B = [E, J] B . 

For a space X, we use the notation X + x(n,i) to denote the ex-space X TJ K(tt, 1) 
over K(tt, 1). We think of this replacement as addition of a disjoint basepoint in the 
category of spaces over K(n, 1). The category 7op/K(jr, 1) has a terminal object 
K(ir, 1) — )■ K(ir, 1) and the based objects of this category are precisely the ex-spaces. 
Then the functor (— ) + K(n,i) is the addition of a disjoint basepoint in this setting, that 
is, it is a left adjoint to the forgetful functor from the category of ex-spaces to the 
category of spaces over K(tt, 1). 
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From this we now show that the cohomology defined by the parametrized spectrum 
Jtt(A) is the cohomology with local coefficients. Let (A, <fi) be a 7r-module and (X, a) G 
The map a: iii(X) — >• 7r defines X as a space over K(tt, 1) and also gives a local 
system (A, </>a) on X. We make X into an ex-space by replacing it with X + k(-k,i)- 

5.11. Theorem. For (X,a) G C n , with notation as above, we have 

H n (X; A^a) = J 7T A n (X +K ( 7Tjl )). 

Proof. We have, 

J 7r A ?1 (X + x(7r ! l)) = JnA n (T,x( n ^X +K ( njl )) 

— l^K(n,l)X+K(TT,l), ^K(tt,1)-JttA]k(7t,1) 
= [X +K (tt,1), ^X(7r,l) S A'(7r,l)^^WM) 

= [X + k{w,i), ^(x<t>(A, n)] K (n,i)- 

The latter is the group obtained by taking all the maps from X to Q3(x^(t4, n)) modulo 
homotopy which reduces to the identity when composing to K(tt, 1), i.e, the vertical 
homotopy as in Definition 13.51 If X is a CW-complex, via the homotopy adjunction 
between II and 53 this is exactly [H(X),x<j>(A,n)] ( ^ rl < ) that we used earlier. □ 

6. Representation as a parameterized spectrum in the equivariant 

CASE 

We have observed in Section H] that, for an C^-group 7r and an n- module M. = 
(M, 0), we can construct (^-crossed complexes xc{-M-'i n ) over the (^-crossed com- 
plex Xg(:ZL !)• By applying the classifying space functor for each n we get an "ex- 
functor" from Oq to the ex-category of spaces, that is at each n and each subgroup 
H we have an ex-space %$x<i>(G/H)(M(G/H),ri) — > *Bx (jr(G/H), 1) which is a con- 
travariant functor into an appropriate diagram category. We define the category £ 
as the category with two objects s, t and the morphisms generated by % : s — > t and 
p : t — y s such that p o i is the identity. Then we call the diagram category t Jop £ 
the "ex-category" of spaces, and by an "ex-functor" we mean a functor Oq — > Top £ . 
In this terminology, we have the ex- functor S^ 4 : Oq — > 7op £ for each n > 0, which 
associates G/H to the ex-space < 3x<f>(G/H)(M(G/ H),n) over *Bx(e(G / H) , 1). 

In the previous section we have observed that for a fixed H < G, the ex- 
spaces {E^iG I 'H)} n >o form a parametrized f2-prespectrum over the Eilenberg- 
Mac Lane space *Bx{lL{G / H) , I) = K(n(G/H), 1). In this section we prove that 
these parametrized f2-prespectra for different subgroups H are the fixed point spec- 
tra of a parametrized G-f2-prespectrum JqM. over the Eilenberg-Mac Lane G- 
space Kq(tt, 1) = ^^&Xg{iLi 1) indexed over a trivial G-universe (that is, a naive 
parametrized G-f2-prespectrum). Here \I/ : Oq-7op — > G-7op is the Elmendorf's 
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functor (cf. |Elm83j ). right adjoint to the functor $. Below we will provide an ex- 
plicit description of this functor. Notice that since we are considering cohomology 
theories from arbitrary coefficient systems, we will not have the required transfer 
maps to form a spectrum indexed over a complete G- universe. 

For each n we apply Elmendorf's functor \1/ to S^ 4 to obtain an ex-G-space 
K G (Ai,n) — > K g (t£, !)• We will show that the ex-G-spaces form a G-f2-prespectrum 
Jg-M indexed on a trivial G-universe. For this we have to check that the prespec- 
trum is level-g/-fibrant and that the structure maps J G M. n —> ^Kcin^JG-Mn+i are 
g-equivalences of total spaces. 

The latter fact is equivalent to the fact that for every subgroup H, J G M. n — > 
7r ^^K G (7r,i)^G-^ n +i is an equivalence. That is, 

We use Jc-M-n — ^n^i^/H) from the definition of Elmendorf's construction, so the 
result follows from the fact that S M (G/H) is a parametrized spectrum. 

To show that the prespectrum is level g/-fibrant, we need to check that J G M. n — > 
K G (n, 1) is a g/-fibrant ex-G-space. From |MS06[ Chapter 7] we know that this is 
true if Map G (U, Jg(-M)u) — > Map G (£7, K G (ir_, 1)) is g/-fibrant non equivariantly for 
every G-CW complex U. Since the G-cells are of the form G/H x T> n it suffices to 
check that J G (M)^ —> K G (n, 1) H is a Serre fibration and so a g/-fibration. 

We prove the last statement by writing down an explicit model for ^ such that the 
last map is the geometric realization of a Kan fibration. We write S(A)^ i (G/H) 
for the ex-simplicial set N a x±{g/h){M(G / H),n) N a x(il(G/H), 1) such that 
H^A)^ 1 !! = S^ 4 . We have seen in the previous section that this is a Kan fibration. 
Define the functor \1/ = \\^ A \\ asfollows: (following |May96| ) for a functor T: Oq — > S, 
let \1/ A T be the simplicial set with fc-simplices as 

V A T k := {(*,/, s)\f = d < <-d k e N k {0 G ), t e T(do) fc , a e 4}- 

Here T(c? )fc denotes the set of fc-simplices of the simplicial set T(d ). The face and de- 
generacy maps are defined in the standard way. One way of doing this more naturally 
(using the notation of |May96| ) is to construct a bisimplicial set (A;, I) t— > Bi(T k , O g , 
where t is the inclusion functor O g ^ G-7op and T& is the functor O g — > Set ob- 
tained by composing T with the functor S — > Set that takes a simplicial set to the set 
of its fc-simplices. Then \1/ A T is the diagonal simplicial set diag-B,(T., O g , u). From 
this it also clear that we retain the desired homotopy information. We define 

J G M n = *£(A)^, n > 0, 

as an ex-G-space over K G (%, 1) = ^N a xg(7L, !)• 
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First we have the proposition which follows easily from the explicit description 
of Kan fibration of simplicial sets (see |May67| ). Recall that we have more general 
two sided bar construction (k,l) Bi(T^,O g , S) for functors T: Oq — > S and 
S: O g G-Set. 

6.1. Proposition. Suppose T,T'\ 0°q — > S and S: O g —> G-Set are functors. If 
T — > T' is a natural transformation which is Kan fibration for each G/H G O g , then 
the induced map diag B,(T,, O g , S) — > diag B.(T^, Og, S) is also a Kan fibration. 

We now use this Proposition to show that J G (Ai)^ ~> K G (n, 1) h is a Serre fibration 
for each H < G and hence proving J G (A4) is a parametrized G-f2-prespectrum over 
K g (tt, 1). Since B(T, O g ,S) h = B(T, O g , S H ), we have 

J G (M)» = ||diagB.(£(A)f „O g ,l h )\\ 

and 

K G (7r, If = ||diag B.(N A XG (lL, 1)., O g , t H )\\. 
Since the natural map S(A)^ 4 — > N a xg{iL, 1) is Kan fibration for each G/H G Oq, 
the induced map B(S{A)^, O g , l h ) -»■ B(N a X g{e, 1), O g , l h ) is a Kan fibration by 
Proposition 16.11 Therefore it follows that J G {M)n —> K g (tt, 1) h is a Serre fibration, 
and thus J G (Ai) is a parametrized G-f2-prespectrum over Kq(tt, 1). 

6.2. Definition. For naive G-spectra J and E over B, define the J-cohomology groups 
oiEbjJ^E) :=7re n (nF B (£,J)) 

This can be rewritten as 

J G (E) = [S B n ,E B (E,J)} G)B = [E,E B (S B n ,J)] G)B * [E,E n B J] GtB . 

We now show that Bredon cohomology with local coefficients can be described 
as the cohomology theory defined by the naive G-spectrum J G A4. As in the non- 
equivariant case, we fix an 7r-module M. = (M,<f). If (X,a) G C K , then the map 
a: t\X — > 7r defines X as a space over K G (n, 1) and also gives an equivariant local 
coefficients system (M, (pa) on X. We make X into an ex-G-space by adding a disjoint 
basepoint, X +Kg{]L:1) = X [] K G (n, 1). 

6.3. Theorem. For (X, a) G C K , with notation as above, 

#S(X;M 0a ) = J G M n {X +KG{ ^ l) ). 
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Proof. By definition of the cohomology theory defined by the parametrized G- 
spectrum JqM., we have 



J G A4 n (£^ G(2Ll) X +jftrG(2t 



1)) = [^K g (t L ^) X +K g (7 L ^)^K g ( 2L!1 )JgM}g,K g (2lA) 

= [X+Kafal), ^k g { k ,i)^1kg{il^ J gM\g,Kg{tl^) 



[Tl G (X),x G (M,n)}° G - ers 



i$K g (tt,1) 
J Xg(?L,1) ' 

The last equality follows form the adjunction of *B and II. We have verified the 
latter expression to be the equivariant cohomology with local coefficients as defined 
in [MSlOj . □ 
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